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WEIGHTED NORM INEQUALITIES FOR ROUGH
HAUSDORFF OPERATOR AND ITS COMMUTATORS
ON THE HEISENBERG GROUP
NGUYEN MINH CHUONG, DAO VAN DUONG, AND KIEU HUU DUNG
Abstract. The aim of this paper is to study the sharp bounds of rough
Hausdorff operators on the product of Herz, central Morrey and Morrey-
Herz spaces with both power weights and Muckenhoupt weights on the
Heisenberg group. Especially, by applying the block decomposition of the
Herz space, we obtain the boundedness of rough Hausdorff operator in the
case 0 < p < 1. In addition, the boundedness for the commutators of rough
Hausdorff operators on such spaces with symbols in weighted central BMO
space is also established.
1. Introduction
Let Φ be an integrable function on the positive half-line. The one dimen-
sional Hausdorff operator associated to the function Φ is then defined by
HΦ(f)(x) =
∞∫
0
Φ(y)
y
f
(
x
y
)
dy.
The Hausdorff operator may be originated by Hurwitz and Silverman [19] in
order to study summability of number series (see also [15]). It is well known
that the Hausdorff operator is one of important operators in harmonic analysis,
and it is used to solve certain classical problems in analysis (see, for instance,
[2], [3], [5], [23], [24] and the references therein).
In 2002, Brown and Mo´ricz [3] extended the study of Hausdorff operator to
the high dimensional space. Given Φ be a locally integrable function on Rn,
the n-dimensional Hausdorff operator HΦ,A associated to the kernel function
Φ is then defined in terms of the integral form as follows
HΦ,A(f)(x) =
∫
Rn
Φ(y)
|y|n
f(A(y)x)dy, x ∈ Rn, (1.1)
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where A(y) is an n×n invertible matrix for almost everywhere y in the support
of Φ. It is worth pointing out that if the kernel function Φ is taken appropri-
ately, then the Hausdorff operator reduces to many classcial operators in anal-
ysis such as the Hardy operator, the Cesa`ro operator, the Riemann-Liouville
fractional integral operator and the Hardy-Littlewood average operator (see,
e.g., [1], [6], [8], [10], [11] [12], [28], [31], [42] and references therein).
In 2012, Chen, Fan and Li [5] introduced the rough Hausdorff operator on
Rn which is defined as follows
H˜Φ,Ω(f)(x) =
∫
Rn
Φ(x|y|−1)
|y|n
Ω(y′)f(y)dy, x ∈ Rn, (1.2)
where y′ = y
|y|
. It is useful to remark that if Φ is a radial function, then for
Φ(t) = t−nχ(1,∞)(t) and Ω ≡ 1, the rough Hausdorff operator H˜Φ,Ω reduces to
the famous Hardy operator
H(f)(x) =
1
|x|n
∫
|y|≤|x|
f(y)dy. (1.3)
Also, if Ω ≡ 1 and Φ(t) = χ(0,1)(t), then H˜Φ,Ω reduces to the adjoint Hardy
operator
H⋆(f)(x) =
∫
|y|>|x|
f(y)
|y|n
dy. (1.4)
It is important to see that Hausdorff operator is focused on the n-dimensional
Euclidean spaces Rn (see [2], [5], [8], [10], [12], [25], [28], [31], [38]). It is of
interest to know whether the techniques for the investigation of Hausdorff
operator in Rn can be used in different underlying spaces. As it is known,
there are many works studying on p-adic Hardy operator, Hardy-Littlewood
average operator, p-adic Hardy-Cesa`ro operator, p-adic Hausdorff operator as
well as some their applications (see [6], [7], [13], [16], [35], [39] and references
therein).
It is also interesting to see that the theory of the Heisenberg group plays an
important role in several branches of mathematics such as harmonic analysis,
representation theory, several complex analysis, partial differential equation
and quantum mechanics. For further readings on the theory of the Heisenberg
group as well as its deep applications, one may find in the famous books [36]
and [37] for more details. Let us first recall some basic about the Heisenberg
group. The Heisenberg group Hn is a non-commutative nilpotent Lie group
associated with underlying manifold R2n × R with group law as follows: for
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x = (x1, ..., x2n, x2n+1), y = (y1, ..., y2n, y2n+1) ∈ R
2n × R,
x · y =
(
x1 + y1, x2 + y2, ..., x2n + y2n, x2n+1 + y2n+1 + 2
n∑
j=1
(yjxn+j − xjyn+j)
)
.
It is remarkable that this multiplication is non-commutative. It is obvious that
by the definition, the identity element on the Heisenberg group is 0 ∈ R2n+1,
and the reverse element of x is −x. The vector fields
Xj =
∂
∂xj
+ 2xn+j
∂
∂x2n+j
, j = 1, ..., n,
Xn+j =
∂
∂xn+j
− 2xj
∂
∂x2n+1
, j = 1, ..., n,
X2n+1 =
∂
∂x2n+1
,
form a natural basis for the Lie algebra of left invariant vector fields. The only
nontrivial commutator relations are
[Xj, Xn+j] = −4X2n+1, j = 1, 2, ..., n.
The Heisenberg group Hn is a space of homogeneous type in the sense of
Coifman and Weiss (see [4]) with dilations
δrx = (rx1, rx2, ..., rx2n, r
2x2n+1), for all r > 0.
For any measurable set E ⊆ Hn, let us denote by |E| the measure of E. Then,
one has
|δr(E)| = r
Q|E|, d(δrx) = r
Qdx,
where Q = 2n+ 2 is the so-called homogeneous dimension. And, we have the
norm
|x|h =
(( 2n∑
i=1
x2i
)2
+ x22n+1
) 1
4
.
The distance on the Heisenberg group Hn derived from the norm above is
defined by
d(x, y) = |y−1 · x|h,
where y−1 is the inverse of y. For x ∈ Hn, r > 0, the ball with center x and
radius r on Hn is given by
B(x, r) = {y ∈ Hn : d(x, y) < r},
B′(x, r) = {y ∈ Hn : d(x, y) ≤ r},
and its sphere is defined by
S(x, r) = {y ∈ Hn : d(x, y) = r}.
It is evident that
|B(x, r)| = |B(0, r)| = νQr
Q,
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where νQ is the volume of the unit ball B(0, 1) on H
n with
νQ =
2πn+1/2Γ(n
2
)
Γ(n+ 1)Γ(n+1
2
)
.
The unit sphere S(0, 1) is often simply denoted by SQ−1, and the area of SQ−1
is ωQ = QνQ. The reader is referred to [37] for more details.
In recent years, many mathematicians have been interested in studying the
Hardy operators, weighted Hardy operators and Hausdorff operators in the
setting of the Heisenberg group (see [9], [14], [33], [34], [40], [41]). More details,
Ruan, Fan and Wu [33] introduced and studied Hausdorff type operator on the
Heisenberg group defined as follows
HΦ,A(f)(x) =
∫
Hn
Φ(y)
|y|Qh
f(A(y)x)dy, x ∈ Hn. (1.5)
In addition, the fractional Hausdorff operator on Hn [41] is also defined by
TΦ,β(f)(x) =
∫
Hn
Φ(δ|y|−1h
x)
|y|Q−βh
f(y)dt, 0 ≤ β ≤ Q, (1.6)
an the boundedness of TΦ,β on Hardy spaces is obtained.
Now, it is actually natural to try to extend and study the rough type Haus-
dorff operator in the setting of the Heisenberg group. Namely, we have the
following definition for rough Hausdorff operator on Hn.
Definition 1.1. Let Φ : Hn −→ [0,∞) be a radial measurable function, and
let Ω : SQ−1 −→ C be a measurable function such that Ω(y) 6= 0 for almost
everywhere y in SQ−1. Let f be measurable complex-valued functions on H
n.
The rough Hausdorff operator is then defined by
HΦ,Ω(f)(x) =
∫
Hn
Φ(δ|y|−1h
x)
|y|Qh
Ω(δ|y|−1h
y)f(y)dy, x ∈ Hn. (1.7)
Remark that using polar coordinates in the Heisenberg group, we have
HΦ,Ω(f)(x) =
∞∫
0
∫
SQ−1
Φ(t)
t
Ω(y′)f(δt−1|x|hy
′)dy′dt, x ∈ Hn. (1.8)
It turns out that for Φ(t) = t−Qχ(1,∞)(t) and Ω ≡ 1, the rough Hausdorff
operator HΦ,Ω reduces to the Hardy operator on the Heisenberg group. Also, if
Φ(t) = χ(0,1)(t) and Ω ≡ 1, then HΦ,Ω reduces to the adjoint Hardy operator.
The reader may refer to [40] for the definition of the Hardy operator and
adjoint Hardy operator on the Heisenberg group.
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Let b be a locally integrable function. We denote by Mb the multiplica-
tion operator defined by Mbf(x) = b(x)f(x) for any measurable function f .
If H is a linear operator on some measurable function space, the commu-
tator of Coifman-Rochberg-Weiss type formed by Mb and H is defined by
[Mb,H]f(x) = (MbH − HMb)f(x). Next, let us give the definition for the
commutators of Coifman-Rochberg-Weiss type of rough Hausdorff operator on
the Heisenberg group.
Definition 1.2. Let Φ,Ω be as above. The Coifman-Rochberg-Weiss type
commutator of rough Hausdorff operator is defined by
HbΦ,Ω(f)(x) =
∞∫
0
∫
SQ−1
Φ(t)
t
Ω(y′)(b(x)− b(δt−1|x|hy
′))f(δt−1|x|hy
′)dy′dt, (1.9)
where b is locally integrable functions on Hn and x ∈ Hn.
Inspired by above mentioned results, the main purpose of this paper is to
establish the necessary and sufficient conditions for the boundedness ofHΦ,Ω on
the product of Herz, central Morrey and Morrey-Herz with both power weights
and Muckenhoupt weights in the Heisenberg group. In each case, we estimate
the corresponding operator norms. Moreover, we also obtain the boundedness
of HbΦ,Ω on such spaces with symbols in weighted central BMO space.
Our paper is organized as follows. In Section 2, we present some notations
and definitions of the Herz, central Morrey, Morrey-Herz and central BMO
spaces associated with the weights on the Heisenberg group. Our main theo-
rems are given and proved in Section 3 and Section 4.
2. Some notations and definitions
Throught the whole paper, we denote by C a positive geometric constant
that is independent of the main parameters, but can change from line to line.
We also write a . b to mean that there is a positive constant C, independent
of the main parameters, such that a ≤ Cb. The symbol f ≃ g means that f is
equivalent to g (i.e. C−1f ≤ g ≤ Cf). By ‖T‖X→Y , we denote the norm of T
between two normed vector spaces X and Y . Let Lqω(H
n) (0 < q <∞) be the
space of all measurable functions f on Hn such that
‖f‖Lqω(Hn) =
( ∫
Hn
|f(x)|qω(x)dx
) 1
q
<∞.
The space Lqloc(ω,H
n) is defined as the set of all measurable functions f on Hn
satisfying
∫
K
|f(x)|qω(x)dx <∞ for any compact subset K of Hn. The space
Lqloc(ω,H
n \ {0}) is also defined in a similar way to the space Lqloc(ω,H
n).
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In what follows, we denote χk = χCk , Ck = Uk \ Uk−1, where Uk =
{
x ∈
Hn : |x|h ≤ 2
k
}
for all k ∈ Z. We also denote BR = {x ∈ H
n : |x|h ≤ R}
for all R > 0. As usual, the weighted function ω is a non-negative measurable
function on Hn. Denote by ω(K) the integral
∫
K
ω(x)dx for all subsets K of
Hn.
Now, we are in a position to give some notations and definitions of Morrey,
Herz and Morrey-Herz spaces with weights on the Heisenberg group.
Definition 2.1. Let 1 ≤ q < ∞, −1
q
< λ < 0. The weighted λ-central Mor-
rey spaces
.
B
q,λ
ω (H
n) consists of all measurable functions f ∈ Lqω,loc(H
n \ {0})
satisfying
‖f‖ .
B
q,λ
ω (H
n)
= sup
R∈R+
( 1
ω(BR)1+λq
∫
BR
|f(x)|qω(x)dx
)1/q
<∞. (2.1)
Definition 2.2. Let α ∈ R, 0 < q < ∞ and 0 < p < ∞. The weighted
Herz space Kα,pq,ω (H
n) is defined as the set of all measurable functions f ∈
Lqω,loc(H
n \ {0}) such that
‖f‖Kα,pq,ω (Hn) =
( ∞∑
k=−∞
2kαp‖fχk‖
p
Lqω(Hn)
)1/p
<∞. (2.2)
We also consider two Herz-type spaces.
Definition 2.3. Let α ∈ R, 0 < q < ∞ and 0 < p < ∞. The weighted
Herz space
.
K
α,p
q,ω(H
n) is defined as the set of all measurable functions f ∈
Lqω,loc(H
n \ {0}) such that ‖f‖ .
K
α,p
q,ω(H
n)
<∞, where
‖f‖ .
K
α,p
q,ω(H
n) =
( ∞∑
k=−∞
ω(Uk)
αp/Q‖fχk‖
p
Lqω(Hn)
)1/p
. (2.3)
Definition 2.4. Let α ∈ R, 0 < q < ∞, 0 < p < ∞ and λ be a non-negative
real number. The weighted Morrey-Herz space is defined by
MKα,λp,q,ω(H
n) =
{
f ∈ Lqω,loc(H
n \ {0}) : ‖f‖MKα,λp,q,ω(Hn) <∞
}
,
where
‖f‖MKα,λp,q,ω(Hn) = sup
k0∈Z
2−k0λ
( k0∑
k=−∞
2kαp‖fχk‖
p
Lqω(Hn)
)1/p
. (2.4)
Let us recall to define the weighted central BMO space.
Definition 2.5. Let 1 ≤ q <∞ and ω be a weighted function. The weighted
central bounded mean oscillation space CMOqω(H
n) is defined as the set of all
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functions f ∈ Lqω,loc(H
n) such that∥∥f∥∥
CMOqω(Hn)
= sup
R>0
( 1
ω(BR)
∫
BR
|f(x)− fBR |
qω(x)dx
) 1
q
, (2.5)
where
fBR =
1
|BR|
∫
BR
f(x)dx.
It is well known that the theory of Ap weight was first introduced by Muck-
enhoupt [29] in the Euclidean spaces in order to characterise the weighted Lp
boundedness of Hardy-Littlewood maximal functions. For Ap weights on the
homogeneous type spaces, one can refer to the work [17]. Remark that the
Heisenberg group is also a space of homogeneous type space. Next, let us
recall some basic properties about Ap weights on the Heisenberg group which
are used in the sequel.
Definition 2.6. Let 1 < p <∞. It is said that a weight ω ∈ Ap(H
n) if there
exists a constant C such that for all balls B,( 1
|B|
∫
B
ω(x)dx
)( 1
|B|
∫
B
ω(x)−1/(p−1)dx
)p−1
≤ C.
It is said that a weight ω ∈ A1(H
n) if there is a constant C such that for all
balls B,
1
|B|
∫
B
ω(x)dx ≤ C essinf
x∈B
ω(x).
We denote A∞(H
n) =
⋃
1≤p<∞
Ap(H
n).
Proposition 2.7. The following statements are true:
(i) Ap(H
n) ( Aq(H
n), for 1 ≤ p < q <∞.
(ii) If ω ∈ Ap(H
n), 1 < p <∞, then there is an ε > 0 such that p− ε > 1
and ω ∈ Ap−ε(H
n).
A close relation to A∞(H
n) is the reverse Ho¨lder condition. If there exist
r > 1 and a fixed constant C such that( 1
|B|
∫
B
ω(x)rdx
)1/r
≤
C
|B|
∫
B
ω(x)dx,
for all balls B ⊂ Hn, we then say that ω satisfies the reverse Ho¨lder condition
of order r and write ω ∈ RHr(H
n). According to Theorem 19 and Corollary
21 in [20], ω ∈ A∞(H
n) if and only if there exists some r > 1 such that
ω ∈ RHr(H
n). Moreover, if ω ∈ RHr(H
n), r > 1, then ω ∈ RHr+ε(H
n) for
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some ε > 0. We thus write rω ≡ sup{r > 1 : ω ∈ RHr(H
n)} to denote the
critical index of ω for the reverse Ho¨lder condition. For further properties of
Ap weights, one may find in the books [26] and [36].
It is useful to note that an important example of Ap(H
n) weights is the
power function |x|αh . By the similar proofs to Propositions 1.4.3 and 1.4.4 in
[26] , we also obtain the following properties of power weighted functions.
Proposition 2.8. The following statements are true:
(i) |x|αh ∈ A1(H
n) if and only if −Q < α ≤ 0;
(ii) |x|αh ∈ Ap(H
n), 1 < p <∞, if and only if −Q < α < Q(p− 1).
Let us have the following standard characterization of Ap weights which is
the same as the real setting (see [33] for more details).
Proposition 2.9. Let ω ∈ Ap(H
n) ∩ RHr(H
n), p ≥ 1 and r > 1. Then there
exist constants C1, C2 > 0 such that
C1
(
|E|
|B|
)p
≤
ω(E)
ω(B)
≤ C2
(
|E|
|B|
)(r−1)/r
for any measurable subset E of a ball B.
Proposition 2.10. If ω ∈ Ap(H
n), 1 ≤ p < ∞, then for any f ∈ L1loc(H
n)
and any ball B ⊂ Hn,
1
|B|
∫
B
|f(x)|dx ≤ C
 1
ω(B)
∫
B
|f(x)|pω(x)dx
1/p .
Definition 2.11. Let 0 < α <∞ and 1 ≤ q <∞. A function b on Hn is said
to be a central (α, q, ω)− block if it satisfies
supp(b) ⊂ B(0, r) and ‖b‖Lqω(Hn) ≤ ω(B(0, r))
−α/Q.
The following useful decomposition theorem follows us to show that the
central blocks are the building blocks of Herz spaces. The proof is the same
as that of Theorem 1.1 in [27].
Proposition 2.12. Let 0 < α < ∞, 0 < p < ∞, 1 ≤ q < ∞, and let ω ∈
A1(H
n). We then have f ∈
.
K
α,p
q,ω(H
n) if and only if
f =
∞∑
k=−∞
λkbk,
where
∞∑
k=−∞
|λk|
p <∞, and each bk is a central (α, q, ω)-block with the support
in Uk. Moreover,
‖f‖ .
K
α,p
q,ω(H
n) ≃ inf
{( ∞∑
k=−∞
|λk|
p
)}1/p
,
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where the infimum is taken over all decompositions of f as above.
3. The main results about the boundness of HΦ,Ω
Now let us give our first main results concerning the boundedness of rough
Hausdorff operators on the weighted Morrey spaces on the Heisenberg group.
Theorem 3.1. Let 1 < q < ∞, λ ∈
(
−1
q
, 0
)
, γ ∈ (−Q,∞), ω(x) = |x|γh and
Ω ∈ Lq
′
(SQ−1). Then, HΦ,Ω is bounded from
.
B
q,λ
ω (H
n) to
.
B
q,λ
ω (H
n) if and only
if
C1 =
∞∫
0
Φ(t)
t1+(Q+γ)λ
dt < +∞.
Moreover,
∥∥HΦ,Ω∥∥ .
B
q,λ
ω (H
n)→
.
B
q,λ
ω (H
n)
≃ C1.‖Ω‖Lq′ (SQ−1).
Proof. The first step is to prove the sufficient condition of this theorem. For
R ∈ R+, by the Minkowski inequality and the Ho¨lder inequality we get
‖HΦ,Ω(f)‖Lqω(BR) ≤
∞∫
0
Φ(t)
t
( ∫
BR
∣∣∣ ∫
SQ−1
Ω(y′)f(δt−1|x|hy
′)ω1/q(x)dy′
∣∣∣qdx)1/qdt
≤
∞∫
0
Φ(t)
t
( ∫
SQ−1
|Ω(y)|
( ∫
BR
|f(δt−1|x|hy
′)|qω(x)dx
)1/q
dy′
)
dt.
≤ ‖Ω‖Lq′(SQ−1)
∞∫
0
Φ(t)
t
( ∫
SQ−1
∫
BR
|f(δt−1|x|hy
′)|qω(x)dxdy′
)1/q
dt.
(3.1)
On the other hand, by applying polar coordinates, we have∫
SQ−1
∫
BR
|f(δt−1|x|hy
′)|qω(x)dxdy′ =
∫
SQ−1
R∫
0
∫
SQ−1
|f(δt−1|δru′|hy
′)|q|δru
′|γhr
Q−1du′drdy′
=
∫
SQ−1
R∫
0
∫
SQ−1
|f(δt−1ry
′)|qrQ−1+γdu′drdy′ ≃
∫
SQ−1
R∫
0
|f(δt−1ry
′)|qrQ−1+γdrdy′
= tQ+γ
t−1R∫
0
∫
SQ−1
|f(δzy
′)|qzQ−1+γdzdy′ = tQ+γ
∫
Bt−1R
|f(x)|qω(x)dx. (3.2)
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This implies that
‖HΦ,Ω(f)‖Lqω(BR) . ‖Ω‖Lq′(SQ−1)
∞∫
0
Φ(t)
t1−
Q+γ
q
‖f‖Lqω(Bt−1R)dt. (3.3)
Next, we need to show that
1
ω(BR)1/q+λ
≃
t−(Q+γ)(1/q+λ)
ω(Bt−1R)1/q+λ
. (3.4)
Indeed, we get
ω(BR) =
∫
BR
|x|γhdx =
R∫
0
∫
SQ−1
|δry′|
γ
hr
Q−1dy′dr =
R∫
0
∫
SQ−1
rQ−1+γdy′dr ≃ RQ+γ,
and ω(Bt−1R) ≃ (t
−1R)Q+γ. (3.5)
Hence, the proof of estimate (3.4) is finished. From (3.3) and (3.5), for R ∈ R,
it is easy to see that
1
ω(BR)1/q+λ
‖HΦ,Ω(f)‖Lqω(BR) . ‖Ω‖Lq′ (SQ−1)
( ∞∫
0
Φ(t)
t1+(Q+γ)λ
dt
)
‖f‖ .
B
q,λ
ω (H
n)
.
Thus, by the definition of the Morrey space, we obtain
‖HΦ,Ω(f)‖ .
B
q,λ
ω (H
n)
. C1.‖Ω‖Lq′ (SQ−1)‖f‖ .B
q,λ
ω (H
n)
,
which means that the operator HΦ,Ω is bounded on
.
B
q,λ
ω (H
n).
Now, the second step is to assume that HpΦ,Ω is bounded from
.
B
q,λ
ω (H
n) to
.
B
q,λ
ω (H
n). Let us choose an appropriately radial function as follows
f(x) = |x|
(Q+γ)λ
h .|Ω(δ|x|−1h
x)|q
′−2.Ω(δ|x|−1h
x), forx ∈ Hn \ {0}.
Then, we have
‖f‖q
Lqω(BR)
=
∫
BR
|x|
(Q+γ)λq+γ
h .|Ω(δ|x|−1h
x)|q
′
dx
=
R∫
0
∫
SQ−1
|δry
′|
(Q+γ)λq+γ
h .|Ω(δ|δry′|−1h
δry
′)|q
′
rQ−1dy′dr
= ‖Ω‖q
′
Lq′(SQ−1)
R∫
0
r(Q+γ)λq+γ+Q−1dr
≃ ‖Ω‖q
′
Lq′ (SQ−1)
R(Q+γ)(λq+1). (3.6)
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Hence, by (3.5) and (3.6), one has
0 < ‖f‖ .
B
q,λ
ω (H
n)
≃ ‖Ω‖
q′/q
Lq′ (SQ−1)
<∞. (3.7)
By taking f as above, we have
HΦ,Ω(f)(x) =
∞∫
0
∫
SQ−1
Φ(t)
t
Ω(y′)|δt−1|x|hy
′|
(Q+γ)λ
h |Ω(y
′)|q
′−2Ω(y′)dy′dr
= ‖Ω‖q
′
Lq′(SQ−1)
( ∞∫
0
Φ(t)
t1+(Q+γ)λ
dt
)
|x|
(Q+γ)λ
h ,
which implies that
‖HΦ,Ω(f)‖ .
B
q,λ
ω (H
n)
= C1.‖Ω‖
q′
Lq′ (SQ−1)
‖|x|Q+γh ‖ .B
q,λ
ω (H
n)
.
By estimating as above, we also have ‖|x|Q+γh ‖ .B
q,λ
ω (H
n)
≃ 1. Thus, by (3.7), it
follows immediately that
‖HΦ,Ω(f)‖ .
B
q,λ
ω (H
n)
& C1.‖Ω‖
q′
Lq′ (SQ−1)
‖f‖ .
B
q,λ
ω (H
n)
‖Ω‖
q′/q
Lq′ (SQ−1)
= C1.‖Ω‖Lq′ (SQ−1)‖f‖ .B
q,λ
ω (H
n)
,
As a consequence, we obtain that C1 < ∞, and the proof of the theorem is
completed. 
Theorem 3.2. Let 1 ≤ q∗, q, ζ <∞, λ ∈ (−1
q∗
, 0), Ω ∈ L(
q∗
ζ
)′(SQ−1) and ω ∈ Aζ
with the finite critical index rω for the reverse Ho¨lder condition.
If q∗ > qζrω/(rω − 1), δ ∈ (1, rω) and
C2 =
∞∫
1
Φ(t)
t1+Qλ
dt+
1∫
0
Φ(t)
t1+Qλ(δ−1)/δ
dt <∞,
then the operator HΦ,Ω is bounded from
.
B
q∗,λ
ω (H
n) to
.
B
q,λ
ω (H
n).
Proof. It follows from the Minkowski inequality that
‖HΦ,Ω(f)‖Lqω(BR) ≤
∞∫
0
Φ(t)
t
( ∫
SQ−1
|Ω(y′)|
( ∫
BR
|f(δt−1|x|hy
′)|qω(x)dx
)1/q
dy′
)
dt.
(3.8)
By assuming that q∗ > qζrω/(rω − 1), we have r ∈ (1, rω) and
q∗
ζ
= qr′. From
this, by combining the Ho¨lder inequality and the reverse Ho¨lder con
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is not hard to obtain that( ∫
BR
|f(δt−1|x|hy
′)|qω(x)dx
)1/q
≤
( ∫
BR
|f(δt−1|x|hy
′)|
q∗
ζ dx
) ζ
q∗
( ∫
BR
ωr(x)dx
) 1
rq
.
( ∫
BR
|f(δt−1|x|hy
′)|
q∗
ζ dx
) ζ
q∗
ω(BR)
1
q |BR|
−ζ
q∗ . (3.9)
Thus, by (3.8) and (3.9), we infer
‖HΦ,Ω(f)‖Lqω(BR) . ω(BR)
1
q |BR|
−ζ
q∗ ×
×
∞∫
0
Φ(t)
t
( ∫
SQ−1
|Ω(y′)|
( ∫
BR
|f(δt−1|x|hy
′)|
q∗
ζ dx
) ζ
q∗
dy′
)
dt.
(3.10)
By making the Ho¨lder inequality and estimating as (3.2) above, we also get∫
SQ−1
|Ω(y′)|
( ∫
BR
|f(δt−1|x|hy
′)|
q∗
ζ dx
) ζ
q∗
dy′
≤ ‖Ω‖
L
(
q∗
ζ
)′
(SQ−1)
( ∫
SQ−1
∫
BR
|f(δt−1|x|hy
′)|
q∗
ζ dxdy′
) ζ
q∗
. ‖Ω‖
L
(
q∗
ζ
)′
(SQ−1)
t
ζQ
q∗ ‖f‖Lq∗/ζ(Bt−1R).
From Proposition 2.10, one has
‖f‖Lq∗/ζ(Bt−1R) . |Bt−1R|
ζ
q∗ω(Bt−1R)
−1
q∗ ‖f‖
Lq
∗
ω (Bt−1R)
.
A similar argument as (3.5) above, we have
|Bt−1R|
|BR)|
≃
(t−1R)Q
RQ
= t−Q. There-
fore, by (3.10), we obtain
‖HΦ,Ω(f)‖Lqω(BR) . ‖Ω‖
L
(
q∗
ζ
)′
(SQ−1)
∞∫
0
Φ(t)
t
ω(BR)
1
q
ω(Bt−1R)
1
q∗
‖f‖
Lq
∗
ω (Bt−1R)
dt. (3.11)
Thus, by the definition of the Morrey space, we get
‖HΦ,Ω(f)‖Bq,λω (Hn) . ‖Ω‖L(
q∗
ζ
)′
(SQ−1)
‖f‖
B
q∗,λ
ω (Hn)
∞∫
0
Φ(t)
t
sup
R>0
(ω(Bt−1R)
ω(BR)
)λ
dt.
(3.12)
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Next, since λ < 0 and δ ∈ (1, rω), by Proposition 2.9, we deduce
(ω(Bt−1R)
ω(BR)
)λ
.

( |Bt−1R|
|BR|
)ζλ
. t−Qζλ, if t ≥ 1,
( |Bt−1R|
|BR|
)λ(δ−1)/δ
. t−Qλ(δ−1)/δ , otherwise.
(3.13)
Consequently, by (3.12), we have
‖HΦ,Ω(f)‖Bq,λω (Hn) .
( ∞∫
1
Φ(t)
t1+Qζλ
dt+
1∫
0
Φ(t)
t1+Qλ(δ−1)/δ
dt
)
‖Ω‖
L
(
q∗
ζ
)′
(SQ−1)
‖f‖
B
q∗,λ
ω (Hn)
,
which ends the proof of this theorem. 
Next, we also give the necessary and sufficient conditions for the bound-
edness of the rough Hausdorff operator on the weighted Herz spaces on the
Heisenberg group.
Theorem 3.3. Let 1 ≤ p < ∞, 1 < q < ∞, γ ∈ R, ω(x) = |x|γh and
Ω ∈ Lq
′
(SQ−1). Then, HΦ,Ω is bounded from K
α,p
q,ω (H
n) to itself if and only if
C3 =
∞∫
0
Φ(t)
t1−α−
Q+γ
q
dt < +∞.
Moreover,
∥∥HΦ,Ω∥∥Kα,pq,ω (Hn)→Kα,pq,ω (Hn) ≃ C3.
Proof. To prove the sufficient condition of theorem, let us assume that C3 <∞.
By estimating as (3.1) above, it follows that
‖HΦ,Ω(f)χk‖Lqω(Hn) ≤ ‖Ω‖Lq′ (SQ−1)
∞∫
0
Φ(t)
t
( ∫
SQ−1
∫
Ck
|f(δt−1|x|hy
′)|qω(x)dxdy′
)1/q
dt.
In addition, a similar argument as (3.2) above, we imply∫
SQ−1
∫
Ck
|f(δt−1|x|hy
′)|qω(x)dxdy′ ≃ tQ+γ
∫
δt−1Ck
|f(x)|qω(x)dx,
where δt−1Ck = {z ∈ H
n : 2
k−1
t
< |z|h ≤
2k
t
}. This leads to
‖HΦ,Ω(f)χk‖Lqω(Hn) ≤ ‖Ω‖Lq′ (SQ−1)
∞∫
0
Φ(t)
t1−
Q+γ
q
‖fχδt−1Ck‖L
q
ω(Hn)dt. (3.14)
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Note that for any t > 0, there exists an integer number ℓ = ℓ(t) satisfying
2ℓ−1 < t−1 ≤ 2ℓ. It is clear that δt−1Ck ⊂ {z ∈ H
n : 2k+ℓ−2 < |z|h ≤ 2
k+ℓ}.
Hence, by (3.14), it is easy to see that
‖HΦ,Ω(f)χk‖Lqω(Hn) ≤ ‖Ω‖Lq′ (SQ−1)
∞∫
0
Φ(t)
t1−
Q+γ
q
(
‖fχk+ℓ−1‖Lqω(Hn) + ‖fχk+ℓ‖Lqω(Hn)
)
dt,
(3.15)
for all k ∈ Z. Consequently, by the Minkowski inequaltiy, we have ‖HΦ,Ω(f)‖Kα,pq,ω (Hn)
is dominated by
≤ ‖Ω‖Lq′ (SQ−1)
( ∞∑
k=−∞
(
2kα
∞∫
0
Φ(t)
t1−
Q+γ
q
(‖fχk+ℓ−1‖Lqω(Hn) + ‖fχk+ℓ‖Lqω(Hn))
)p)1/p
. ‖Ω‖Lq′ (SQ−1)
∞∫
0
Φ(t)
t1−
Q+γ
q
{( ∞∑
k=−∞
2kαp‖fχk+ℓ−1‖
p
Lqω(Hn)
)1/p
+
( ∞∑
k=−∞
2kαp‖fχk+ℓ−1‖
p
Lqω(Hn)
)1/p}
dt.
Since 2ℓ−1 < t−1 ≤ 2ℓ and the definition of the Herz space, we estimate
( ∞∑
k=−∞
2kαp‖fχk+ℓ−1‖
p
Lqω(Hn)
)1/p
+
( ∞∑
k=−∞
2kαp‖fχk+ℓ−1‖
p
Lqω(Hn)
)1/p
≤
(
2(1−ℓ)α + 2−ℓα
)
‖f‖Kα,pq,ω (Hn) . t
α.‖f‖Kα,pq,ω (Hn).
Therefore, we obtain
‖HΦ,Ω(f)‖Kα,pq,ω (Hn) . C3.‖Ω‖Lq′ (SQ−1)‖f‖K
α,p
q,ω (Hn),
which implies that HΦ,Ω is bounded from K
α,p
q,ω (H
n) to itself.
Conversely, suppose that HΦ,Ω is bounded on K
α,p
q,ω (H
n). Then, we also
choose the function f as follows
f(x) =
{
0, if |x|h < 1,
|x|
−α−Q+γ
q
−ε
h .|Ω(δ|x|−1h
x)|q
′−2.Ω(δ|x|−1h
x), otherwise.
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It is evident that ‖fχk‖Lqω(Hn) = 0 for every k < 0. Otherwise, for k ≥ 0 we
have
‖fχk‖Lqω(Hn) =
(∫
Ck
|x|
−αq−(Q+γ)−εq
h |Ω(δ|x|−1h
x)|q
′
ω(x)dx
)1/q
=
( 2k∫
2k−1
∫
SQ−1
|δry
′|
−αq−(Q+γ)−εq+γ
h |Ω(y
′)|q
′
rQ−1dy′dr
)1/q
=
( 2k∫
2k−1
∫
SQ−1
r−(α+ε)q−1|Ω(y′)|q
′
dy′dr
)1/q
= 2−(α+ε)k
(2q(α+ε)−1
q(α+ ε)
)1/q
‖Ω‖
q′/q
Lq(SQ−1)
. (3.16)
Thus, by the definition of the space Kα,pq,ω (H
n), we have
‖f‖Kα,pq,ω (Hn) =
( ∞∑
k=1
2kαp
(
2−(α+ε)k
(2q(α+ε)−1
q(α+ ε)
)1/q
‖Ω‖
q′/q
Lq(SQ−1)
)p)1/p
=
(2q(α+ε)−1
q(α + ε)
)1/q
‖Ω‖
q′/q
Lq(SQ−1)
( ∞∑
k=1
2−kεp
)1/p
=
(2q(α+ε)−1
q(α + ε)
)1/q
‖Ω‖
q′/q
Lq(SQ−1)
1
(2εp − 1)1/p
<∞. (3.17)
Since δ|δt|x|hy
′|−1h
δt|x|hy
′ = y′, we obtain
HΦ,Ω(f)(x) =
∞∫
0
∫
SQ−1
Φ(1
t
)
t
Ω(y′)f(δt|x|hy
′)dy′dt
=
∞∫
1
|x|h
∫
SQ−1
Φ(1
t
)
t
Ω(y′)|δt|x|hy
′|−α−
Q+γ
q
−ε|Ω(y′)|q
′−2Ω(y′)dy′dt.
= ‖Ω‖q
′
Lq′ (SQ−1)
.
( ∞∫
1
|x|h
Φ(1
t
)
t1+α+
Q+γ
q
+ε
dt
)
.|x|
−α−Q+γ
q
−ε
h .
Hence, by setting up gε(x) = |x|
−α−Q+γ
q
−ε
h χHn\B(0,ε−1), we deduce
HΦ,Ω(f)(x) ≥ ‖Ω‖
q′
Lq′ (SQ−1)
.
( ∞∫
0
Φ(1
t
)χ(ε,∞)(t)
t1+α+
Q+γ
q
+ε
dt
)
.gε(x), (3.18)
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We denote by kε the integer number such that 2
kε−1 ≥ ε−1 > 2kε−2. As a
consequence, by making as (3.16) above, it follows that
‖gε‖Kα,pq,ω (Hn) ≥
( ∞∑
k=kε
2kαp‖gεχk‖
p
Lqω(Hn)
)1/p
=
( ∞∑
k=kε
2kαp
(
2−(α+ε)k
(2q(α+ε)−1
q(α+ ε)
)1/q)p)1/p
=
(2q(α+ε)−1
q(α+ ε)
)1/q( ∞∑
k=kε
2−kεp
)1/p
=
(2q(α+ε)−1
q(α+ ε)
)1/q 2ε(1−kε)
(2εp − 1)1/p
.
From this reason, by (3.17) and (3.18), it leads to
‖HΦ,Ω(f)‖Kα,pq,ω (Hn) ≥ ‖Ω‖
q′
Lq′ (SQ−1)
.
( ∞∫
0
Φ(1
t
)χ(ε,∞)(t)
t1+α+
Q+γ
q
+ε
dt
)
.‖gε‖Kα,pq,ω (Hn)
≥ ‖Ω‖Lq′ (SQ−1).
( ∞∫
0
Φ(1
t
)χ(ε,∞)(t)
t1+α+
Q+γ
q
+ε
dt
)
.2ε(1−kε).‖f‖Kα,pq,ω (Hn).
Since 2kε−1 ≥ ε−1 > 2kε−2, we imply that 2kε ≃ ε−1. This implies that
‖HΦ,Ω(f)‖Kα,pq,ω (Hn) & 2
εεε‖Ω‖Lq′ (SQ−1).
( ∞∫
0
Φ(1
t
)χ(ε,∞)(t)
t1+α+
Q+γ
q
+ε
dt
)
.‖f‖Kα,pq,ω (Hn).
Remark that t−εχ(ε,∞)(t) . 1 with ε sufficiently small and lim
ε→0+
2εεε = 1. Thus,
by the dominated convergence theorem of Lebesgue, we immediately obtain
∞∫
0
Φ(1
t
)
t1+α+
Q+γ
q
dt <∞.
By a change of variables, we finish the proof of this theorem. 
For the Herz spaces associated with the Muckenhoupt weights, we also have
the boundedness of the rough Hausdorff operators on the Heisenberg group.
More precisely, we have the following interesting results.
Theorem 3.4. Let 1 ≤ p, q∗, q, ζ <∞, α ∈ R, α∗ < 0 satisfying
1
q∗
+
α∗
Q
=
1
q
+
α
Q
. (3.19)
Suppose that ω ∈ Aζ with the finite critical index rω for the reverse Ho¨lder
condition and q∗ > qζrω/(rω − 1), Ω ∈ L
( q
∗
ζ
)′(SQ−1), δ ∈ (1, rω).
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(i) If
1
q∗
+
α∗
Q
≥ 0 and
C4.1 =
1/2∫
0
Φ(t)
t1−Q
(δ−1)
δ
( 1
q∗
+ α
Q∗
)
dt+
∞∫
1/2
Φ(t)
t1−Qζ(
1
q∗
+α
∗
Q
)
dt <∞,
then HΦ,Ω is bounded from
.
K
α∗,p
q∗,ω(H
n) to
.
K
α,p
q,ω(H
n).
(ii) If
1
q∗
+
α∗
Q
< 0 and
C4.2 =
1/2∫
0
Φ(t)
t1−Qζ(
1
q∗
+α
∗
Q
)
dt+
∞∫
1/2
Φ(t)
t1−Q
(δ−1)
δ
( 1
q∗
+α
∗
Q
)
dt <∞,
then HΦ,Ω is bounded from
.
K
α∗,p
q∗,ω(H
n) to
.
K
α,p
q,ω(H
n).
Proof. From Definition 1.8 and the similar reason as (3.11), for k ∈ Z, we
estimate
‖HΦ,Ω(f)χk‖Lqω(Hn) . ‖Ω‖
L
(
q∗
ζ
)′
(SQ−1)
∞∫
0
Φ(t)
t
ω(Uk)
1
q
ω(δt−1Uk)
1
q∗
‖f‖
Lq
∗
ω (δt−1Uk)
dt,
where δt−1Uk = {z ∈ H
n : |z|h ≤
2k
t
}. Hence, by making the Minkowski
inequality and the relation (3.19), ‖HΦ,Ω(f)‖ .K
α,p
q,ω(H
n)
is dominated by
‖Ω‖
L
(
q∗
ζ
)′
(SQ−1)
( ∞∑
k=−∞
ω(Uk)
αp
Q
( ∞∫
0
Φ(t)
t
ω(Uk)
1
q
ω(δt−1Uk)
1
q∗
‖f‖
Lq
∗
ω (δt−1Uk)
dt
)p)1/p
.
≤ ‖Ω‖
L
(
q∗
ζ
)′
(SQ−1)
∞∫
0
Φ(t)
t
( ∞∑
k=−∞
( ω(Uk) 1q+ αQ
ω(δt−1Uk)
1
q∗
‖f‖
Lq
∗
ω (δt−1Uk)
)p) 1
p
dt.
= ‖Ω‖
L
(
q∗
ζ
)′
(SQ−1)
∑
j∈Z
∫
t−1∈(2j ,2j+1]
Φ(t)
t
( ∞∑
k=−∞
(ω(Uk) 1q∗+α∗Q
ω(δt−1Uk)
1
q∗
‖f‖
Lq
∗
ω (δt−1Uk)
)p) 1
p
dt.
For t−1 ∈ (2j, 2j+1], we have Uk+j ⊂ δt−1Uk ⊂ Uk+j+1. Hence, it follows that
‖HΦ,Ω(f)‖ .K
α,p
q,ω(H
n)
. ‖Ω‖
L
(
q∗
ζ
)′
(SQ−1)
∑
j∈Z
∫
t−1∈(2j ,2j+1]
Φ(t)
t
×
×
( ∞∑
k=−∞
(ω(Uk) 1q∗+α∗Q
ω(Uk+j)
1
q∗
‖f‖
Lq
∗
ω (Uk+j+1)
)p) 1
p
dt.
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Then,
‖HΦ,Ω(f)‖ .K
α,p
q,ω(H
n) . ‖Ω‖
L
(
q∗
ζ
)′
(SQ−1)
∑
j∈Z
∫
t−1∈(2j ,2j+1]
Φ(t)
t
×
×
( ∞∑
k=−∞
{( ω(Uk)
ω(Uk+j)
) 1
q∗
+α
∗
Q
j+1∑
ℓ=−∞
(ω(Uk+j)
ω(Uk+ℓ)
)α∗
Q
ω(Uk+ℓ)
α∗
Q ‖fχk+ℓ‖Lq∗ω (Hn)
}p)1/p
dt.
(3.20)
For simplicity, we denote
Aj,ℓ =
{
2(j−ℓ)α
∗(δ−1)/δ , if ℓ ≤ j,
2−ζα
∗
, if ℓ = j + 1.
By Proposition 2.9 with α∗ < 0 and ℓ ≤ j + 1, we obtain
(ω(Uk+j)
ω(Uk+ℓ)
)α∗
Q
.

( |Uk+j|
|Uk+ℓ|
)α∗(δ−1)
Qδ
, if ℓ ≤ j,
( |Uk+j|
|Uk+ℓ|
) ζα∗
Q
, if ℓ = j + 1.
. Aj,ℓ. (3.21)
It is useful to note that by Proposition 2.9 we have to consider the following
two cases.
Case 1: 1
q∗
+ α
∗
Q
≥ 0 and t−1 ∈ (2j, 2j+1]. We have
( ω(Uk)
ω(Uk+j)
) 1
q∗
+α
∗
Q
.

( |Uk|
|Uk+j|
)ζ( 1
q∗
+α
∗
Q
)
. 2−jQζ(
1
q∗
+α
∗
Q
) . tQζ(
1
q∗
+α
∗
Q
), if j ≤ 0,
( |Uk|
|Uk+j|
) (δ−1)
δ
( 1
q∗
+α
∗
Q
)
. 2−jQ
(δ−1)
δ
( 1
q∗
+α
∗
Q
) . tQ
(δ−1)
δ
( 1
q∗
+α
∗
Q
), otherwise.
(3.22)
Case 2: 1
q∗
+ α
∗
Q
< 0 and t−1 ∈ (2j, 2j+1]. Then, we also have
( ω(Uk)
ω(Uk+j)
) 1
q∗
+α
∗
Q
.

( |Uk|
|Uk+j|
)ζ( 1
q∗
+α
∗
Q
)
. 2−jQζ(
1
q∗
+α
∗
Q
) . tζQ(
1
q∗
+α
∗
Q
), if j > 0,
( |Uk|
|Uk+j|
) (δ−1)
δ
( 1
q∗
+α
∗
Q
)
. 2−jQ
(δ−1)
δ
( 1
q∗
+α
∗
Q
) . tQ
(δ−1)
δ
( 1
q∗
+α
∗
Q
), otherwise.
(3.23)
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Now, by (3.20), (3.21) and (3.22), we have
‖HΦ,Ω(f)‖ .K
α,p
q,ω(H
n)
. ‖Ω‖
L
(
q∗
ζ
)′
(SQ−1)
×
×
( 0∑
j=−∞
∫
t−1∈(2j ,2j+1]
Φ(t)
t1−Qζ(
1
q∗
+α
∗
Q
)
Fjdt+
∞∑
j=1
∫
t−1∈(2j ,2j+1]
Φ(t)
t1−Q
(δ−1)
δ
( 1
q∗
+α
∗
Q
)
Fjdt
)
,
where Fj =
( ∞∑
k=−∞
{ j+1∑
ℓ=−∞
Aj,ℓ.ω(Bk+ℓ)
α∗
Q ‖fχk+ℓ‖Lq∗ω (Hn)
}p)1/p
. By the Minkowski
inequality and the definition of Aj,ℓ above, we get
Fj ≤
j+1∑
ℓ=−∞
Aj,ℓ
{ ∞∑
k=−∞
(
ω(Bk+ℓ)
α∗
Q ‖fχk+ℓ‖Lq∗ω (Hn)
)p}1/p
=
( j∑
ℓ=−∞
2(j−ℓ)α
∗(δ−1)/δ + 2−ζα
∗
)
‖f‖ .
K
α∗,p
q∗,ω(H
n)
. ‖f‖ .
K
α∗,p
q∗,ω(H
n)
.
Therefore, we have
‖HΦ,Ω(f)‖ .K
α,p
q,ω(H
n)
. ‖Ω‖
L
(
q∗
ζ
)′
(SQ−1)
( 0∑
j=−∞
∫
t−1∈(2j ,2j+1]
Φ(t)
t1−Qζ(
1
q∗
+α
∗
Q
)
dt+
+
∞∑
j=1
∫
t−1∈(2j ,2j+1]
Φ(t)
t1−Q
(δ−1)
δ
( 1
q∗
+α
∗
Q
)
dt
)
‖f‖ .
K
α∗,p
q∗,ω(H
n)
= C4.1.‖Ω‖
L
(
q∗
ζ
)′
(SQ−1)
.‖f‖ .
K
α∗,p
q∗,ω(H
n)
,
which finishes the proof for part (i).
Next, we will prove for part (ii). By combining (3.20), (3.21), (3.23) and
making a similar estimation as above, it is not difficult to obtain that
‖HΦ,Ω(f)‖ .K
α,p
q,ω(H
n)
. C4.2.‖Ω‖
L
(
q∗
ζ
)′
(SQ−1)
.‖f‖ .
K
α∗,p
q∗,ω(H
n)
.
Therefore, the proof of the theorem is achieved. 
By using the block decomposition of the weighted Herz space as mentioned
in Section 2, we also obtain the boundedness of rough Hausdorff operator on
the weighted Herz space for the case 0 < p < 1. More details, we have the
following result.
Theorem 3.5. Let 0 < p < 1 ≤ q∗, q < ∞, α∗ > 0, α > 0 and σ > (1 − p)/p
such that
1
q∗
+
α∗
Q
=
1
q
+
α
Q
.
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At the same time, let ω ∈ A1 with the finite critical index rω for the reverse
Ho¨lder condition and q∗ > qrω/(rω − 1), Ω ∈ L
q∗′(SQ−1), δ ∈ (1, rω) and the
following condition is true:
C5 =
1/2∫
0
Φ(t)
t1−
Q(δ−1)
δ
( 1
q∗
+α
∗
Q
)
|log2(t)|
σdt+
∞∫
1/2
Φ(t)
t1−
Q
q∗
−α∗
(log2(t) + 1)
σdt <∞.
Then, HΦ,Ω is bounded from
.
K
α∗,p
q∗,ω(H
n) to
.
K
α,p
q,ω(H
n).
Proof. Let f ∈
.
K
α∗,p
q∗,ω(H
n). By Proposition 2.12, we have a block decomposition
for f as follows
f =
∞∑
k=−∞
λk.bk,
where and
( ∞∑
k=−∞
|λk|
p
)1/p
. ‖f‖ .
K
α∗,p
q∗,ω(H
n)
. Note that, for k ∈ Z, bk is central
(α∗, q∗, ω)-block satisfying
supp(bk) ⊂ Uk and ‖bk‖Lq∗ω (Hn) ≤ ω(Uk)
−α∗
Q .
For convenience, we set
BΦ,Ω(bk)(x) =
∞∫
0
∫
SQ−1
Φ(t)
t
|Ω(y′)|.|bk(δt−1|x|hy
′)|dy′dt.
Then, we estimate |HΦ,Ω(f)(x)| ≤
∞∑
k=−∞
|λk|.BΦ,Ω(bk)(x).
Now, it is necessary to prove that
‖BΦ,Ω(bk)‖ .K
α,p
q,ω(H
n)
. C5, for all k ∈ Z, (3.24)
which leads the desired result, that is,
‖HΦ,Ω(f)‖ .K
α,p
q,ω(H
n) ≤
( ∞∑
k=−∞
|λk|
p.‖BΦ,Ω(bk)‖
p
.
K
α,p
q,ω(H
n)
) 1
p
. C5
( ∞∑
k=−∞
|λk|
p
)1/p
. C5‖f‖ .
K
α∗,p
q∗,ω(H
n)
.
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To begin with the estimation (3.24), we set
BΦ,Ω(bk)(x) =
∑
j∈Z
∫
(2j−1,2j ]
∫
SQ−1
Φ(t)
t
|Ω(y′)|.|bk(δt−1|x|hy
′)|dy′dt
:=
∑
j∈Z
gkj(x). (3.25)
Since supp(bk) ⊂ Uk, it is not hard to check that
supp(gkj) ⊂ Uk+j. (3.26)
Thus, by the Minkowski inequality, we get
‖gkj‖Lqω(Hn) ≤
∫
(2j−1,2j ]
∫
SQ−1
Φ(t)
t
|Ω(y′)|
( ∫
Uk+j
|bk(δt−1|x|hy
′)|qω(x)dx
)1/q
dy′dt.
By making as (3.11) above and supp(bk) ⊂ Uk, we obtain
‖gkj‖Lqω(Hn) . ‖Ω‖Lq∗′(SQ−1)
∫
(2j−1,2j ]
Φ(t)
t
ω(Uk+j)
1
q
ω(δt−1Uk+j)
1
q∗
‖bk‖Lq∗ω (δt−1Uk+j)
dt.
≤ ‖Ω‖Lq∗′(SQ−1)
∫
(2j−1,2j ]
Φ(t)
t
ω(Uk+j)
1
q
ω(Uk)
1
q∗
‖bk‖Lq∗ω (Uk)dt. (3.27)
By having the inequality ‖bk‖Lq∗ω (Uk) ≤ ω(Uk)
−α∗
Q and the relation 1
q∗
+ α
∗
Q
=
1
q
+ α
Q
, we infer
‖gkj‖Lqω(Hn) . ‖Ω‖Lq∗′ (SQ−1)
( ∫
(2j−1,2j ]
Φ(t)
t
dt
) ω(Uk+j) 1q
ω(Uk)
1
q∗
+α
∗
Q
.
. ‖Ω‖Lq∗′ (SQ−1)
( ∫
(2j−1,2j ]
Φ(t)
t
dt
)(ω(Uk+j)
ω(Uk)
) 1
q∗
+α
∗
Q
ω(Uk+j)
−α
Q .
(3.28)
From Proposition 2.9, it follows that
(ω(Uk+j)
ω(Uk)
) 1
q∗
+α
∗
Q
.

( |Uk+j|
|Uk|
) 1
q∗
+α
∗
Q
. 2jQ(
1
q∗
+α
∗
Q
), if j ≥ 0,
( |Uk+j|
|Uk|
) (δ−1)
δ
( 1
q∗
+α
∗
Q
)
. 2jQ
(δ−1)
δ
( 1
q∗
+α
∗
Q
), otherwise.
(3.29)
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For simplicity, we write
ckj =

‖Ω‖Lq∗′ (SQ−1)
( ∫
(2j−1,2j ]
Φ(t)
t
dt
)
2jQ(
1
q∗
+α
∗
Q
), if j ≥ 0,
‖Ω‖Lq∗′ (SQ−1)
( ∫
(2j−1,2j ]
Φ(t)
t
dt
)
2jQ
(δ−1)
δ
( 1
q∗
+α
∗
Q
), otherwise.
Then, by (3.28) and (3.29), we have
‖gkj‖Lqω(Hn) . ckjω(Uk+j)
−α
Q . (3.30)
On the other hand, from the definition of ckj, we put
hkj =

gkj
ckj
, if ckj 6= 0,
gkj = 0, if ckj = 0.
From this, by (3.25), it is easy to obtain
BΦ,Ω(bk)(x) =
∑
j∈Z
ckj.hkj(x).
Moreover, each hkj is a central (α, q, ω)-block. Indeed, by (3.26) and (3.30),
we have supp(hkj) ⊂ Uk+j and ‖hkj‖Lqω(Hn) . ω(Uk+j)
−α
Q . As an application,
by Proposition 2.12, to prove the estimation (3.24) above, we need to make
that
( ∞∑
j=−∞
|ckj|
p
)1/p
. C5, for all k ∈ Z. (3.31)
In fact, we decompose
∞∑
j=−∞
|ckj|
p =
∞∑
j=0
|ckj|
p +
−1∑
j=−∞
|ckj|
p
:= K1 +K2. (3.32)
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Since σ > (1− p)/p and the Ho¨lder inequality, we get
K1 .
( ∞∑
j=0
jσ|ckj|
)p
=
( ∞∑
j=0
jσ‖Ω‖Lq∗′(SQ−1)
( ∫
(2j−1,2j ]
Φ(t)
t
dt
)
2jQ(
1
q∗
+α
∗
Q
)
)p
. ‖Ω‖p
Lq∗
′
(SQ−1)
( ∞∑
j=0
∫
(2j−1,2j ]
Φ(t)
t1−
Q
q∗
−α∗
(log2(t) + 1)
σdt
)p
= ‖Ω‖p
Lq∗
′
(SQ−1)
( ∞∫
1/2
Φ(t)
t1−
Q
q∗
−α∗
(log2(t) + 1)
σdt
)p
. (3.33)
By estimating as above, we also have
K2 .
( −1∑
j=−∞
|j|σ|ckj|
)p
=
( −1∑
j=−∞
|j|σ‖Ω‖Lq∗′ (SQ−1)
( ∫
(2j−1,2j ]
Φ(t)
t
dt
)
2jQ
(δ−1)
δ
( 1
q∗
+α
∗
Q
)
)p
. ‖Ω‖p
Lq∗
′
(SQ−1)
( −1∑
j=−∞
∫
(2j−1,2j ]
Φ(t)
t1−
Q(δ−1)
δ
( 1
q∗
+α
∗
Q
)
|log2(t)|
σdt
)p
= ‖Ω‖p
Lq∗
′
(SQ−1)
( 1/2∫
0
Φ(t)
t1−
Q(δ−1)
δ
( 1
q∗
+α
∗
Q
)
|log2(t)|
σdt
)p
. (3.34)
Therefore, by (3.32)-(3.34), we obtain( ∞∑
j=−∞
|ckj|
p
)1/p
. ‖Ω‖Lq∗′(SQ−1)
{( ∞∫
1/2
Φ(t)
t1−
Q
q∗
−α∗
(log2(t) + 1)
σdt
)p
+
+
( 1/2∫
0
Φ(t)
t1−
Q(δ−1)
δ
( 1
q∗
+α
∗
Q
)
|log2(t)|
σdt
)p}1/p
≃ C5.‖Ω‖Lq∗′(SQ−1),
which implies the inequality (3.31) above. Thus, the proof of theorem is com-
pleted. 
ROUGH HAUSDORFF OPERATORS ON THE HEISENBERG GROUP 24
Theorem 3.6. Let 0 < p < 1 ≤ q <∞, α ∈ R+, Ω ∈ Lq
′
(SQ−1), σ > (1−p)/p
and ω(x) = |x|γ with γ ∈ (−Q, 0]. If the following condition holds,
C6 =
∞∫
1
Φ(t)
t1−
Q+γ
q
−
(Q+γ)α
Q
(log2(t) + 1)
σdt+
1∫
0
Φ(t)
t1−
Q+γ
q
−
(Q+γ)α
Q
|log2(t)|
σdt <∞,
then HΦ,Ω is bounded from
.
K
α,p
q,ω(H
n) to itself.
Proof. Let us recall that BΦ,Ω and bk are defined as in the proof of Theorem
3.5. Then, we need to prove that
BΦ,Ω(bk) =
∞∑
j=−∞
c˜kj.h˜kj, (3.35)
where every h˜kj is central (α, q, ω)-block, and( ∞∑
j=−∞
|c˜kj|
p
)1/p
. C6, for all k ∈ Z. (3.36)
By setting gkj as in (3.25), we will have the relation (3.26). Thus, by a similar
reason as (3.3) above, we also have
‖gkj‖Lqω(Hn) = ‖gkj‖Lqω(Uk+j)
. ‖Ω‖Lq′ (SQ−1)
∫
(2j−1,2j ]
Φ(t)
t1−
Q+γ
q
‖bk‖Lqω(δt−1Uk+j)dt.
For t ∈ (2j−1, 2j], by applying supp(bk) ⊂ Uk and ‖bk‖Lqω(Uk) ≤ ω(Uk)
−α/Q, it
follows that
‖bk‖Lqω(δt−1Uk+j) ≤ ‖bk‖L
q
ω(Uk+1) = ‖bk‖Lqω(Uk) ≤ ω(Uk)
−α/Q,
Furthermore, by (3.5), we have
ω(Uk+j)
ω(Uk)
≃ 2j(Q+γ). Therefore,
‖gkj‖Lqω(Hn) . ‖Ω‖Lq′ (SQ−1)
( ∫
(2j−1,2j ]
Φ(t)
t1−
Q+γ
q
dt
)
.
(ω(Uk+j)
ω(Uk)
)α/Q
ω(Uk+j)
−α/Q
. ‖Ω‖Lq′ (SQ−1)
( ∫
(2j−1,2j ]
Φ(t)
t1−
Q+γ
q
dt
)
.2j(Q+γ)α/Qω(Uk+j)
−α/Q.
Now, for simplicity we write
c˜kj = ‖Ω‖Lq′ (SQ−1)
( ∫
(2j−1,2j ]
Φ(t)
t1−
Q+γ
q
dt
)
.2j(Q+γ)α/Q
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and
h˜kj =

gkj
c˜kj
, if c˜kj 6= 0,
gkj = 0, if c˜kj = 0.
Thus, by (3.25), it is easy to get the decomposition (3.35), and each h˜kj is a
central (α, q, ω)-block with supp(h˜kj) ⊂ Uk+j and ‖h˜kj‖Lqω(Hn) . ω(Uk+j)
−α/Q.
Next, by σ > (1− p)/p and the Ho¨lder inequality, we will infer as follow
∞∑
j=−∞
|c˜kj|
p .
( ∞∑
j=−∞
|j|σ|c˜kj|
)p
=
( ∞∑
j=−∞
|j|σ‖Ω‖Lq′ (SQ−1)
( ∫
(2j−1,2j ]
Φ(t)
t1−
Q+γ
q
dt
)
.2j(Q+γ)α/Q
)p
. ‖Ω‖p
Lq′ (SQ−1)
( ∞∑
j=1
∫
(2j−1,2j ]
Φ(t)
t1−
Q+γ
q
|j|σ2j(Q+γ)α/Qdt+
+
0∑
j=−∞
∫
(2j−1,2j ]
Φ(t)
t1−
Q+γ
q
|j|σ2j(Q+γ)α/Qdt
)p
.
From this, we have( ∞∑
j=−∞
|c˜kj|
p
)1/p
. ‖Ω‖Lq′ (SQ−1)
( ∞∑
j=1
∫
(2j−1,2j ]
Φ(t)
t1−
Q+γ
q
−
(Q+γ)α
Q
(log2(t) + 1)
σdt+
+
0∑
j=−∞
∫
(2j−1,2j ]
Φ(t)
t1−
Q+γ
q
− (Q+γ)α
Q
|log2(t)|
σdt
)
. ‖Ω‖Lq′ (SQ−1)
( ∞∫
1
Φ(t)
t1−
Q+γ
q
−
(Q+γ)α
Q
(log2(t) + 1)
σdt+
1∫
0
Φ(t)
t1−
Q+γ
q
−
(Q+γ)α
Q
|log2(t)|
σdt
)
.
This finishes the proof of the inequality (3.36). Moreover, by Proposition 2.12,
we obtain
‖HΦ,Ω(f)‖ .K
α,p
q,ω(H
n) . C6.‖Ω‖Lq′ (SQ−1).‖f‖
.
K
α,p
q,ω(H
n).
Therefore, the proof of the theorem is completed. 
Theorem 3.7. Let 0 < p < ∞, 1 < q < ∞, γ ∈ R, λ > 0, ω(x) = |x|γh and
Ω ∈ Lq
′
(SQ−1). Then, HΦ,Ω is a bounded operator from MK
α,λ
p,q,ω(H
n) to itself
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if and only if
C7 =
∞∫
0
Φ(t)
t1−α−
Q+γ
q
+λ
dt < +∞.
Furthermore,
∥∥HΦ,Ω∥∥MKα,λp,q,ω(Hn)→MKα,λp,q,ω(Hn) ≃ C7.‖Ω‖Lq′ (SQ−1).
Proof. We begin with proving the sufficient condition of this theorem. Recall
the estimation (3.15) that
‖HΦ,Ω(f)χk‖Lqω(Hn) ≤ ‖Ω‖Lq′ (SQ−1)
∞∫
0
Φ(t)
t1−
Q+γ
q
(
‖fχk+ℓ−1‖Lqω(Hn) + ‖fχk+ℓ‖Lqω(Hn)
)
dt,
where ℓ(t) ∈ Z such that 2ℓ(t)−1 < t−1 ≤ 2ℓ(t). On the other hand, from the
definition of the Morrey-Herz space, we get
‖fχk‖Lqω(Hn) ≤ 2
k(λ−α)‖f‖MKα,λp,q,ω(Hn), for all k ∈ Z. (3.37)
By t−1 ∈ (2ℓ−1, 2ℓ] and (3.37), we imply(
‖fχk+ℓ−1‖Lqω(Hn) + ‖fχk+ℓ‖Lqω(Hn)
)
. 2(k+ℓ)(λ−α)‖f‖MKα,λp,q,ω(Hn)
. tα−λ2k(λ−α)‖f‖MKα,λp,q,ω(Hn).
Thereforce, we infer
‖HΦ,Ω(f)χk‖Lqω(Hn) . ‖Ω‖Lq′(SQ−1)
( ∞∫
0
Φ(t)
t1−
Q+γ
q
−α+λ
dt
)
2k(λ−α)‖f‖MKα,λp,q,ω(Hn).
As a consequence, by λ > 0, we deduce
‖HΦ,Ω(f)‖MKα,λp,q,ω(Hn) = sup
k0∈Z
2−k0λ
( k0∑
k=−∞
2kαp‖HΦ,Ω(f)χk‖
p
Lqω(Hn)
)1/p
. C7.‖Ω‖Lq′ (SQ−1)
{
sup
k0∈Z
2−k0λ
( k0∑
k=−∞
2kαp2k(λ−α)p
)1/p}
‖f‖MKα,λp,q,ω(Hn)
. C7.‖Ω‖Lq′ (SQ−1).‖f‖MKα,λp,q,ω(Hn),
which shows that HΦ,Ω is a bounded operator from MK
α,λ
p,q,ω(H
n) to itself.
To make the proof for the necessary condition, let us now take
f(x) = |x|
−α−Q+γ
q
+λ
h |Ω(δ|x|−1h
.x)|q
′−2Ω(δ|x|−1h
.x), for all x 6= 0.
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Then, we have
‖fχk‖Lqω(Hn) =
(∫
Ck
|x|
−αq−(Q+γ)+λq
h |Ω(δ|x|−1h
x)|q
′
ω(x)dx
)1/q
=
( 2k∫
2k−1
∫
SQ−1
|δry
′|
−αq−(Q+γ)+λq+γ
h |Ω(y
′)|q
′
rQ−1dy′dr
)1/q
=
( 2k∫
2k−1
∫
SQ−1
r−(α−λ)q−1|Ω(y′)|q
′
dy′dr
)1/q
.
This deduces that
‖fχk‖Lqω(Hn) =

2−(α−λ)k
(2q(α−λ)−1
q(α− λ)
)1/q
.‖Ω‖
q′/q
Lq(SQ−1)
, if α 6= λ,
log(2).‖Ω‖
q′/q
Lq(SQ−1)
, otherwise.
≃ 2−(α−λ)k.‖Ω‖
q′/q
Lq(SQ−1)
.
From the definition of the Morrey-Herz space, we have
‖f‖Mα,λp,q,ω(Hn) ≃ sup
k0∈Z
2−k0λ
( k0∑
k=−∞
2kαp
(
2−(α−λ)k‖Ω‖
q′/q
Lq(SQ−1)
)p)1/p
= ‖Ω‖
q′/q
Lq(SQ−1)
sup
k0∈Z
2−k0λ
( k0∑
k=−∞
2kλp
)1/p
≃ ‖Ω‖
q′/q
Lq(SQ−1)
. (3.38)
By choosing f and having the relation δ|δt−1|x|hy
′|−1h
δt−1|x|hy
′ = y′, we obtain
HΦ,Ω(f)(x) =
∞∫
0
∫
SQ−1
Φ(t)
t
Ω(y′)|δt−1|x|hy
′|−α−
Q+γ
q
+λ|Ω(y′)|q
′−2Ω(y′)dy′dt.
= ‖Ω‖q
′
Lq′ (SQ−1)
.
( ∞∫
0
Φ(t)
t1−α−
Q+γ
q
+λ
dt
)
.|x|
−α−Q+γ
q
+λ
h
:= C7.‖Ω‖
q′
Lq′ (SQ−1)
.g(x).
Note that, by a similar argument as (3.38), we immediately have
‖g‖Mα,λp,q,ω(Hn) ≃ 1.
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From this, by (3.38), we obtain
‖HΦ,Ω(f)‖Mα,λp,q,ω(Hn) = C7.‖Ω‖
q′
Lq′ (SQ−1)
.‖g‖Mα,λp,q,ω(Hn)
C7. ≃ ‖Ω‖
q′
Lq′ (SQ−1)
.
‖f‖Mα,λp,q,ω(Hn)
‖Ω‖
q′/q
Lq(SQ−1)
= C7.‖Ω‖Lq′ (SQ−1).‖f‖Mα,λp,q,ω(Hn).
Therefore, the proof of theorem is achieved. 
4. The main results about the boundness of HbΦ,Ω
Before giving our main results in this section, we need to prove the following
useful lemmas.
Lemma 4.1. Let 1 ≤ q < ∞, 1 < q1, r1 < ∞, −Q < γ <
Q
r′1−1
and ω(x) =
|x|γh. Assume that ω ∈ L
q′(SQ−1), b ∈ CMO
r1
ω (H
n) and the following condition
is true:
1
q
=
1
q1
+
1
r1
.
Then, for any R > 0, we have
‖HbΦ,Ω(f)‖Lqω(BR) . ‖Ω‖Lq′(SQ−1)‖b‖CMO
r1
ω (Hn)
R
Q+γ
r1 .
∞∫
0
Φ(t)
t
1−Q+γ
q1
(2 + Ψ(t))‖f‖Lq1ω (Bt−1R)dt,
where Ψ(t) = t−Qχ(0,1](t) + t
Qχ(1,∞)(t).
Proof. By making the Minkowski inequality and the Ho¨lder inequality, we have
‖HbΦ,Ω(f)‖Lqω(BR)
≤
∞∫
0
Φ(t)
t
∫
SQ−1
|Ω(y′)|
( ∫
BR
|b(x)− b(δt−1|x|hy
′)|q.|f(δt−1|x|hy
′)|qωdx
)1/q
dy′dt
≤
∞∫
0
Φ(t)
t
∫
SQ−1
|Ω(y′)|.‖b(·)− b(δt−1|·|hy
′)‖Lr1ω (BR).‖f(δt−1|·|hy
′)‖Lq1ω (BR)dy
′dt.
Thus, by using the Ho¨lder inequality again, we infer
‖HbΦ,Ω(f)‖Lqω(BR) ≤ ‖Ω‖Lq′ (SQ−1)
∞∫
0
Φ(t)
t
( ∫
SQ−1
‖b(·)− b(δt−1|·|hy
′)‖r1
L
r1
ω (BR)
dy′
) 1
r1×
×
( ∫
SQ−1
‖f(δt−1|x|hy
′)‖q1
L
q1
ω (BR)
dy′
) 1
q1 dt. (4.1)
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Now, we need to show that( ∫
SQ−1
‖b(·)− b(δt−1|·|hy
′)‖r1
L
r1
ω (BR)
dy′
) 1
r1 .
(
2 + Ψ(t)
)
R
Q+γ
r1 ‖b‖CMOr1ω (Hn).
(4.2)
Infact, it is not hard to see that( ∫
SQ−1
‖b(·)− b(δt−1|·|hy
′)‖r1
L
r1
ω (BR)
dy′
) 1
r1 ≤
( ∫
SQ−1
‖b(·)− bBR‖
r1
L
r1
ω (BR)
dy′
) 1
r1+
+
( ∫
SQ−1
‖bBR − bBt−1R‖
r1
L
r1
ω (BR)
dy′
) 1
r1 +
( ∫
SQ−1
‖bBt−1R − b(δt−1|·|hy
′)‖r1
L
r1
ω (BR)
dy′
) 1
r1
:= I1 + I2 + I3. (4.3)
By the definition of the space CMOr1ω (H
n), we may estimate I1 as follows
I1 =
(
ω(BR)
∫
SQ−1
1
ω(BR)
‖b(·)− bBR‖
r1
L
r1
ω (BR)
dy′
) 1
r1
. R
Q+γ
r1 ‖b‖CMOr1ω (Hn). (4.4)
Similarly, we have
I2 . ω(BR)
1
r1 .|bBR − bBt−1R |. (4.5)
For t ≤ 1, by the Ho¨lder inequality, it follows that
|bBR − bt−1R| ≤
1
|BR|
∫
Bt−1R
|b(x)− bBt−1R |dx
≤
ω(Bt−1R)
1
r1
|BR|
( 1
ω(Bt−1R)
∫
Bt−1R
|b(x)− bBt−1R|
r1ω(x)dx
) 1
r1
( ∫
Bt−1R
ω(x)1−r
′
1dx
) 1
r′
1
≤
ω(Bt−1R)
1
r1
|BR|
( ∫
Bt−1R
ω(x)1−r
′
1dx
) 1
r′
1 .‖b‖CMOr1ω (Hn).
Note that, by (3.5) and γ ∈ (−Q, Q
r′1−1
), we get
ω(Bt−1R)
1
r1
|BR|
( ∫
Bt−1R
ω(x)1−r
′
1dx
) 1
r′
1 ≃
(t−1R)
Q+γ
r1
RQ
(t−1R)
γ(1−r′1)+Q
r′
1 = t−Q.
This implies |bBR − bt−1R| . t
−Q‖b‖CMOr1ω (Hn). In the case t > 1, by estimating
as above, we also get |bBR − bt−1R| . t
Q‖b‖CMOr1ω (Hn). Therefore, by (4.5), we
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obtain that
I2 . ω(BR)
1
r1Ψ(t).‖b‖CMOr1ω (Hn) . R
Q+γ
r1 Ψ(t).‖b‖CMOr1ω (Hn). (4.6)
Next, we have
Ir13 ≤
∫
SQ−1
∫
BR
|bBt−1R − b(δt−1|x|hy
′)|r1ω(x)dxdy′
=
∫
SQ−1
R∫
0
∫
SQ−1
|bBt−1R − b(δt−1ry
′)|r1rQ+γ−1du′drdy′
. tQ+γ
t−1R∫
0
∫
SQ−1
|bBt−1R − b(δzy
′)|r1zQ+γ−1dy′dz
= tQ+γ
∫
Bt−1R
|b(x)− bBt−1R|
r1ω(x)dx. (4.7)
This deduces that
I3 . t
Q+γ
r1 ω(Bt−1R)
1
r1 ‖b‖CMOr1ω (Hn) . R
Q+γ
r1 ‖b‖CMOr1ω (Hn).
Consequently, by (4.4) and (4.6), the inequality (4.2) is true. On the other
hand, by (3.2), we have( ∫
SQ−1
‖f(δt−1|x|hy
′)‖q1
L
q1
ω (BR)
dy′
) 1
q1
. t
Q+γ
q1 ‖f‖Lq1ω (Bt−1R).
Therefore, by (4.1) and (4.2), the proof of this lemma is completed. 
Lemma 4.2. Let 1 ≤ q, q∗1, r
∗
1 < ∞, 1 ≤ ζ ≤ r
∗
1, ω ∈ Aζ with the finite
critical index rω for the reverse Ho¨lder condition. Assume that ω ∈ L
q′(SQ−1),
b ∈ CMO
r∗1
ω (Hn) and the following condition is true:
1
q
>
( 1
q∗1
+
1
r∗1
)
ζ
rω
rω − 1
. (4.8)
Then, for any R > 0, we have
‖HbΦ,Ω(f)‖Lqω(BR) . ‖Ω‖Lq′ (SQ−1)‖b‖CMOr
∗
1
ω (Hn)
×
×
∞∫
0
Φ(t)
t
(2 + Ψ(t))
ω(BR)
1
q
ω(Bt−1R)
1
q∗1
‖f‖
L
q∗
1
ω (Bt−1R)
dt.
Proof. By the inequality (4.8), there exist two real numbers r1, q1 such that
1
q1
>
ζ
q∗1
rω
rω − 1
,
1
r1
>
ζ
r∗1
rω
rω − 1
,
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and
1
q1
+
1
r1
=
1
q
.
Because of having
1
q1
+
1
r1
=
1
q
, we also obtain the inequality (4.1).
Now, we will refine the estimations of I1, I2, I3 in Lemma 4.1. From (4.4)
above and r1 < r
∗
1, we infer
I1 ≤ ω(BR)
1
r1 ‖b‖CMOr1ω (Hn) ≤ ω(BR)
1
r1 ‖b‖
CMO
r∗
1
ω (Hn)
. (4.9)
To compute I2, we consider the case that t ≤ 1. Since ω ∈ Aζ ⊂ Ar∗1 and
Proposition 2.10, one has
|bR − bBt−1R| ≤
1
|BR|
∫
Bt−1R
|b(x)− bBt−1R|dx
=
|Bt−1R|
|BR|
( 1
|Bt−1R|
∫
Bt−1R
|b(x)− bBt−1R|dx
)
≤ t−Q
( 1
ω(Bt−1R)
∫
Bt−1R
|b(x)− bBt−1R |
r∗1ω(x)dx
) 1
r∗
1
≤ t−Q‖b‖
CMO
r∗
1
ω (Hn)
.
Otherwise, for t > 1 we get |bR− bBt−1R| ≤ t
Q‖b‖
CMO
r∗1
ω (Hn)
. Thus, by (4.5), we
infer
I2 . ω(BR)
1
r1 Ψ(t).‖b‖
CMO
r∗
1
ω (Hn)
. (4.10)
Because of having 1
r1
> 1
r∗1
ζ rω
rω−1
, there exists r ∈ (1, rω) such that
r∗1
ζ
= r1.r
′.
By using the Ho¨lder inequality and the reverse Ho¨lder condition again, we get
Ir13 ≤
∫
SQ−1
( ∫
BR
|bBt−1R − b(δt−1|x|hy
′)|
r∗1
ζ dx
) ζr1
r∗
1
( ∫
BR
ω(x)rdx
) 1
r
dy′
. |BR|
−1
r′ ω(BR)
( ∫
SQ−1
∫
BR
|bBt−1R − b(δt−1|x|hy
′)|
r∗1
ζ dxdy′
) ζr1
r∗
1 .
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By making as (4.7) and Proposition 2.10, we have
I3 . |BR|
−ζ
r∗1 ω(BR)
1
r1
( ∫
SQ−1
∫
BR
|bBt−1R − b(δt−1|x|hy
′)|
r∗1
ζ dxdy′
) ζ
r∗
1
. |BR|
−ζ
r∗
1 |Bt−1R|
ζ
r∗
1 ω(BR)
1
r1
(
tQ
1
|Bt−1R|
∫
Bt−1R
|b(x)− bt−1R|
r∗1
ζ dx
) ζ
r∗1
. ω(BR)
1
r1
( 1
ω(Bt−1R)
∫
Bt−1R
|b(x)− bt−1R|
r∗1ω(x)dx
) 1
r∗1
≤ ω(BR)
1
r1 ‖b‖
CMO
r1
∗
ω (Hn)
. (4.11)
Thus, by (4.3), (4.9), (4.10) and (4.11), we obtain the important inequality as
follows( ∫
SQ−1
‖b(·)− b(δt−1|·|hy
′)‖r1
L
r1
ω (BR)
dy′
) 1
r1 . ω(BR)
1
r1 (2 + Ψ(t)).‖b‖
CMO
r1
∗
ω (Hn)
.
(4.12)
Because of making 1
q1
> 1
q∗1
ζ
rω
rω − 1
and estimating (4.11) above, we imply
( ∫
SQ−1
‖f(δt−1|x|hy
′)‖q1
L
q1
ω (BR)
dy′
) 1
q1 . ω(BR)
1
q1 ω(Bt−1R)
−1
q∗
1 ‖f‖
L
q∗
1
ω (Bt−1R)
.
From this, by (4.1) and (4.12), the proof of this lemma is finished. 
Now, we are in a position to give the boundedness of the commutators of
the rough Hausdorff operators on the weighted Morrey, Herz and Morrey-Herz
spaces on the Heisenberg group. The first main result in this section is as
follows.
Theorem 4.3. Let − 1
q1
< λ < 0. Suppose that the assumptions of Lemma 4.1
hold. Then, if
C8 =
∞∫
0
Φ(t)
t1+(Q+γ)λ
(2 + Ψ(t))dt <∞,
we have HbΦ,Ω is bounded from
.
B
q1,λ
ω (H
n) to
.
B
q,λ
ω (H
n).
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Proof. For any R > 0, by Lemma 4.1, we have
1
ω(BR)
1
q
+λ
‖HbΦ,Ω(f)‖Lqω(BR) . ‖Ω‖Lq′ (SQ−1)‖b‖CMO
r1
ω (Hn)
( ∞∫
0
Φ(t)
t
1−Q+γ
q1
(2 + Ψ(t))×
×
R
Q+γ
r1 ω(Bt−1R)
1
q1
+λ
ω(BR)
1
q
+λ
1
ω(Bt−1R)
1
q1
+λ
‖f‖Lq1ω (Bt−1R)dt,
By a simple calculation, one has
R
Q+γ
r1 ω(Bt−1R)
1
q1
+λ
ω(BR)
1
q
+λ
≃
R
Q+γ
r1 (t−1R)
(Q+γ)( 1
q1
+λ)
R(Q+γ)(
1
q
+λ)
= t
−(Q+γ)( 1
q1
+λ)
.
Thus, we obtain
‖HbΦ,Ω(f)‖ .B
q,λ
ω (H
n)
. C8.‖Ω‖Lq′ (SQ−1)‖b‖CMO
r1
ω (Hn)
‖f‖ .
B
q1,λ
ω (H
n)
,
which finishes the proof of theorem. 
Theorem 4.4. Let the assumptions of Lemma 4.2 hold and λ ∈ (− 1
q∗1
, 0). If
C9 =
1∫
0
Φ(t)
t1+Qλ(δ−1)/δ
(2 + Ψ(t))dt+
∞∫
1
Φ(t)
t1+Qζλ
(2 + Ψ(t))dt <∞,
then HbΦ,Ω is bounded from
.
B
q∗1 ,λ
ω (H
n) to
.
B
q,λ
ω (H
n).
Proof. For R > 0, by making Lemma 4.2, we infer
1
ω(BR)
1
q
+λ
‖HbΦ,Ω(f)‖Lqω(BR) . ‖Ω‖Lq′ (SQ−1)‖b‖CMOr
∗
1
ω (Hn)
( ∞∫
0
Φ(t)
t
(2 + Ψ(t))×
×
(ω(Bt−1R)
ω(BR)
)λ
.
1
ω(Bt−1R)
1
q∗1
+λ
‖f‖
L
q∗
1
ω (Bt−1R)
dt.
Hence, by the inequality (3.13) and the definition of the Morrey space, we
estimate
‖HbΦ,Ω(f)‖ .B
q,λ
ω (H
n)
. C9.‖Ω‖Lq′ (SQ−1)‖b‖CMOr
∗
1
ω (Hn)
‖f‖ .
B
q∗
1
,λ
ω (H
n)
.
This implies that the proof of theorem is ended. 
Theorem 4.5. Let 1 ≤ p, q, q∗1, r
∗
1 < ∞, 1 ≤ ζ ≤ r
∗
1, α ∈ R, α
∗
1 < 0 and
ω ∈ Aζ with the finite critical index rω for the reverse Ho¨lder condition and
δ ∈ (1, rω). Assume that ω ∈ L
q′(SQ−1), b ∈ CMO
r∗1
ω (Hn), the hypothesis
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(3.19) in Theorem 3.4 and the hypothesis (4.8) in Lemma 4.2 hold.
(i) If
1
q∗1
+
α∗1
Q
≥ 0 and
C10.1 =
1/2∫
0
Φ(t)
t
1−Q
(δ−1)
δ
( 1
q∗1
+
α∗
1
Q
)
(2 + Ψ(t))dt+
∞∫
1/2
Φ(t)
t
1−Qζ( 1
q∗1
+
α∗
1
Q
)
(2 + Ψ(t))dt <∞,
then ‖HbΦ,Ω(f)‖ .K
α,p
q,ω(H
n)
. C10.1.‖Ω‖Lq′ (SQ−1)‖b‖CMOr
∗
1
ω (Hn)
‖f‖ .
K
α∗
1
,p
q∗
1
,ω
(Hn)
.
(ii) If
1
q∗1
+
α∗1
Q
< 0 and
C10.2 =
1/2∫
0
Φ(t)
t
1−Qζ( 1
q∗
1
+
α∗1
Q
)
(2 + Ψ(t))dt+
∞∫
1/2
Φ(t)
t
1−Q (δ−1)
δ
( 1
q∗
1
+
α∗1
Q
)
(2 + Ψ(t))dt <∞,
then ‖HbΦ,Ω(f)‖ .K
α,p
q,ω(H
n) . C10.2.‖Ω‖Lq′ (SQ−1)‖b‖CMOr
∗
1
ω (Hn)
‖f‖ .
K
α∗
1
,p
q∗
1
,ω
(Hn)
.
Proof. From Lemma 4.2, for any k ∈ Z, we get
‖HΦ,Ω(f)χk‖Lqω(Hn) . ‖Ω‖Lq′(SQ−1)‖b‖CMOr
∗
1
ω (Hn)
∞∫
0
Φ(t)
t
(2 + Ψ(t))×
×
ω(Bk)
1
q
ω(δt−1Bk)
1
q∗
1
‖f‖
L
q∗
1
ω (δt−1Bk)
dt,
where δt−1Bk = {z ∈ H
n : |z|h ≤
2k
t
}. Note that, by estimating as the next
step proof of Theorem 3.4, we will have the desired results. 
Finally, we have the boundedness of HbΦ,Ω on the weighted Morrey-Herz
spaces on the Heisenberg group as follows.
Theorem 4.6. Let the assumptions of Lemma 4.1 hold, 0 < p < ∞, λ > 0
and α1 = α +
Q+γ
r1
. If
C11 =
∞∫
0
Φ(t)
t
1−Q+γ
q1
−α1+λ
(2 + Ψ(t))dt <∞,
then HbΦ,Ω is a bounded operator from MK
α1,λ
p,q1,ω
(Hn) to MKα,λp,q,ω(H
n).
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Proof. By making Lemma 4.1 and estimating as (3.15) above, we get
‖HbΦ,Ω(f)χk‖Lqω(Hn) . ‖Ω‖Lq′(SQ−1)‖b‖CMO
r1
ω (Hn)
( ∞∫
0
Φ(t)
t
1−Q+γ
q1
(2 + Ψ(t))2
k(Q+γ)
r1 ×
×
(
‖fχk+ℓ−1‖Lq1ω (Hn) + ‖fχk+ℓ‖Lq1ω (Hn)
)
dt
)
for all k ∈ Z.
(4.13)
Here ℓ = ℓ(t) ∈ Z such that 2ℓ(t)−1 < t−1 ≤ 2ℓ(t). By (3.37), we have(
‖fχk+ℓ−1‖Lq1ω (Hn) + ‖fχk+ℓ‖Lq1ω (Hn)
)
. 2(k+ℓ)(λ−α1)‖f‖
MK
α1,λ
p,q1,ω
(Hn)
. tα1−λ2k(λ−α1)‖f‖
MK
α1,λ
p,q1,ω
(Hn)
.
From this, by (4.13) and definition of α1, we lead to
‖HbΦ,Ω(f)χk‖Lqω(Hn) . ‖Ω‖Lq′ (SQ−1)‖b‖CMO
r1
ω (Hn)
( ∞∫
0
Φ(t)
t
1−Q+γ
q1
−α1+λ
(2 + Ψ(t))dt
)
×
× 2k(λ−α)‖f‖
MK
α1,λ
p,q1,ω
(Hn)
.
Hence, by λ > 0, one has
‖HbΦ,Ω(f)‖MKα,λp,q,ω(Hn) = sup
k0∈Z
2−k0λ
( k0∑
k=−∞
2kαp‖HbΦ,Ω(f)χk‖
p
Lqω(Hn)
)1/p
. C11.‖Ω‖Lq′ (SQ−1)‖b‖CMO
r1
ω (Hn)
{
sup
k0∈Z
2−k0λ
( k0∑
k=−∞
2kαp2k(λ−α)p
)1/p}
‖f‖
MK
α1,λ
p,q1,ω
(Hn)
. C11‖Ω‖Lq′ (SQ−1)‖b‖CMO
r1
ω (Hn)
.‖f‖
MK
α1,λ
p,q1,ω
(Hn)
,
which implies thatHbΦ,Ω is a bounded operator fromMK
α1,λ
p,q1,ω
(Hn) toMKα,λp,q,ω(H
n).
Therefore, the theorem is completely proved. 
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